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Abstract

The paper investigates Volt-Ampere characteristics of rectifiers us- ing
semiconductor diodes, which are popular in electric domain, for example
using in half-wave rectification and full-wave rectification. We argue that
these characteristics can be presented by a mathematical model using a
canonical system. This finding will enable a mathematical, systematic
overview of functioning principles of such rectifiers. Based on this, we
propose an optimal process for an assembly line of rectifiers in electrical
engineering.
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1 Introduction

The emergence of mathematical models has addressed a large number of
applied problems, such as mechanics, electricity, theory of automation and con-
trol, struggle for survival in ecological systems, .... Mathematics is the tool for
describing changes in each domain as dynamic systems, through which one can
indicate their characteristics. This area is cared by many famous mathemati-
cians in the world such as MA Krasnoselskii, AV Pokroskii, BN Sadovskii, TS
Gilman, J. Appell, ID Mayergoyz, MP Sobolev, EA Lifshitz, .... (see [1] - [
4]). Currently, the research in this area is still very strongly developed. One of
the problems that attracts attention is to study by mathematical modelling the
operation of the rectifier circuit [5] - [11].

As we already know, most electronic installations use direct current (DC),
but the power source is alternating current (AC). Therefore, the rectifying cir-
cuit is very important, indispensable and widely used in the electrical industry.
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A rectifier circuit is an electrical circuit consisting of electrical and electronic
components used to convert AC to DC [12] - [15]. The positive elements in the
rectifier circuit are semiconductor diodes. A semiconductor diode or diode is
a type of semiconductor device that allows the current to flow through it in a
single direction: from the anode to the cathode and without reversedirection.
The diodes are designated as follows (Figure 1):

Figure 1. Scheme of the semiconductor diode

Volt-Ampere characteristic of diodes is a graph describing the relationship
between current through diodes according to the voltage applied to it. The
following describes the Volt–ampere characteristics of an ideal semiconductor
diode (Figure 2):

Figure 2. The Volt–ampere characteristics of the semiconductor diode

Suppose that x and y alternately are the intensity of the current from the
anode to the cathode set on the diodes. Then the characteristic of semiconduc-
tor diodes can be represented as follows:
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i ≥ 0, u ≤ 0, iu = 0. (1)

Depending on the voltage, current and properties of electricity need to rec-
tify, the different rectifiers circuits are used. For example, as for big current, we
need rectify the capacity, these sets of rectifiers mainly rectify the power supply
circuits for electrical and electronic devices.

For the media sources using a transformer, they choose a commonly-used
rectifier diode. But for the high frequency pulse sources, the high-speed switch-
ing diodes must be used. And the very high voltage sources need the voltage
diode. For very small currents, there are the rectifier circuits detector in the
AM radio.

In brief, the most basic application of the rectifier circuit is to extract the
useful DC component from the alternating current source because in fact, most
electronic devices use DC source but the power supply source are alternating
current.

In this paper, we will study the appropriate mathematical model for some
common rectifier circuits in the science of electrical engineering, these are half–
wave rectifying circuit and full–wave rectifying circuit.The mathematical model
will be written by the canonical system which has the following form:


dX

dt
+MX + Y = F(t),

X ∈ E,

Y ∈ E∗,

(X,Y ) = 0

(2)

Here: sets E and E∗ are conjugate cones in the space Rn; X(t) and Y (t) are
unknown functions whose values belong to Rn at moment t; M is a known
constant square matrix of order n; F(t) is a known continuous vector-function
with its values in Rn.

The solution X(t) of the system (2) is understood as a locally absolutely
function which satisfies (2) almost everywhere.

The mathematical model written by (2) will accurately reflect the nature of
the electrical circuit and bring many benefits in studying the operation of the
rectifier circuit.

2 The mathematical model for the halfwave rec-
tifiers

If in the rectifier circuit, there is only one semiconductor diode, it is the half-
wave rectifier circuit. In this type of circuit, there is only half a cycle (positive
or negative) that can pass the diode, however, the rest half cycle will be blocked.
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It depends on the direction of installation of the diode. And as, only half a cycle
is rectified, the half–wave rectifier circuit achieves a very low efficiency of power
transmission. The half–wave rectifier circuit includes a diode that is connected
to a source with voltage E(t), resistance R and bobbin L (shown in the figure
3).

Figure 3. The half–wave rectifier

Suppose that I and U are in turn the intensity of the current and the voltage
which passes from the positive pole to the negative pole of the diode. Then

L
dI

dt
+ RI + U = E(t). (3)

If we denote X = I, A =
R

L
, E(t) =

E(t)

L
and Y =

U

L
then the equation

(3) can be written as

Ẋ +AX + Y = E(t). (4)

On the other hand, according to the principle of the operation of the diodes
(see [1]), we see that the vector Y defined on the closed convex set Q∗ =
(−∞, 0] ⊂ R, can be written explicitly as following form:{

Y ∈ {0}, if X > 0

Y ∈ (−∞, 0], if X = 0.

Summary, the operation of the half-wave rectifier circuit will be written in
the form of the canonical system of (2), that mean

Ẋ +AX + Y = E(t),

x ∈ Q

y ∈ Q∗

(X,Y ) = 0.

(5)

where Q = [0,+∞).
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3 The mathematical model for the full wave rec-
tifiers

The full–wave rectifier circuit modifies all the polarity components from the
initial waveform to a single direction. Therefore, the full–wave rectifier circuit
achieves very high efficiency and is used a lot in the technique and in every-
day life. The full-wave rectifier circuit comprises four semiconductor diodes; a
source with the voltage e(t), the resistance r and the inductance l; the power
consumption circuit with the resistor R and the inductance L. The circuit pa-
rameters are clearly shown in the following figure:

Figure 4. The full–wave rectifier

For this rectifier circuit, we note the current and the voltage (from positive
to negative) of the diodes j(j = 1, 4) are xj and yj respectively. Then, by the
operating principle of the diodes, we have:

xj ≥ 0, yj ≤ 0, (xj , yj) = 0, j = 1, 4. (6)

In addition, all the nodes through which the diodes can be connected to
other circuits are numbered 0, 1, 2, 3 as shown in the figure. The intensity of
the current passing the k−node k = 0, 3 are denoted by ik. The voltage between
node k and node 0 are denoted by uk.
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In following, we show the operation of the full wave rectifier circuit for the
nonlinear analytical model of (2). Assuming that the direction of the current is
marked as in the figure, then according to Kirchhoff’s law, the operation of the
circuit is represented by the following equations:


l
di1
dt

+ ri1 + u1 − u2 = e(t)

L
di3
dt

+ Ri3 + u3 = 0

i2 = i3 − i1.

(7)

If we define IL =

(
i1
i3

)
then the first equation of the system (7) will be

rewritten as following equation:

LdIL
dt

+ BIL +HuD = E(t), (8)

where

uD = (u1, u2, u3),L =

(
l 0
0 L

)
,B =

(
r 0
0 R

)
,

H =

(
1 −1 0
0 0 1

)
and E(t) =

(
e(t)
0

)
We use this following transform:

X = L 1
2 IL and Y = L− 1

2 (HuD). (9)

Then, the operation of the full–wave rectifier circuit will be rewritten by the
following differential equation:

dX

dt
+ JX + Y = E(t), (10)

where

J =

(
r
l 0
0 R

L

)
, E(t) =

(
e(t)√

l

0

)
(11)

The operation of the full–wave rectifier circuit written by (10) will have the
form of the canonical system of (2), if we prove the existence of a conic K in
the R2 space such that 

X ∈ K

Y ∈ K∗

(X,Y ) = 0.

(12)
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Indeed, according to Kirchhoff’s first law, we have{
i1 = x1 − x2 = x3 − x4

i3 = x1 + x4 = x2 + x3.
(13)

From system (13), it is easy to see that:{
i3 − i1 = x4 + x2 ≥ 0

i3 + i1 = x1 + x3 ≥ 0.

Thus,

i3 ≥ |i1| > 0. (14)

On other hand, by Kirchhoff’s second law, we have{
u1 − u2 = y1 − y4 = y3 − y2

u3 = y1 + y2 = y3 + y4.
(15)

From the system (15) we have:{
u3 + u1 − u2 = y1 + y3 ≤ 0

u3 − (u1 − u2) = y2 + y4 ≤ 0.

Therefore

u3 ≤ −|u1 − u2| < 0. (16)

From (9), (13) and (15), we have:

(X,Y ) = i1(u1 − u2) + i3u3

=
1

4

[
(x1 − x2 + x3 − x4)(y1 − y4 + y3 − y2) + (x1 + x4 + x2 + x3)(y1 + y2 + y3 + y4)

]
It follows:

(X,Y ) =
1

2
(x2y4 + x1y3 + x3y1 + x4y2). (17)

By virtue of (6) we can obtain that (X,Y ) ≤ 0. To justify

(X,Y ) = 0, (18)

we have to prove that each term on the right-hand side of (17) is equal to 0.
We suppose an absurd, then:

x2y4 < 0⇔

{
x2 > 0⇒ y2 = 0

y4 < 0⇒ x4 = 0⇒ x1 = i3 ⇒ y1 = 0
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Hence, in conjunction with (15), it is easy to deduce u3 = y1 + y2 = 0.
This contradicts with (16), that mean, x2y4 = 0. The remaining terms of the
right-hand side of (17) ) are equal to 0.
Now, we define the cone K ⊂ R2 such that X ∈ K. From the transformation
(9) and the estimate (14), it is easy to deduce:

X ∈ K =

{(
X1

X2

)
∈ R2 : X2 > 0, X2 ≥

√
L

l
X1, X2 ≥ −

√
L

l
X1

}
. (19)

Under the modification of variables (9) and the evaluation (16), we have:

Y ∈ K∗ =

{(
Y1

Y2

)
∈ R2 : Y2 < 0, Y2 ≤

√
l

L
Y1, Y2 ≤ −

√
l

L
Y1

}
. (20)

From (10), (18), (19) and (20), we can confirm that the operation of the
fullwave rectifier circuit can be written by the canonical system.
as following: 

dX

dt
+ JX + Y = E(t)

X ∈ K

Y ∈ K∗

(X,Y ) = 0,

(21)

where J and E(t) defined by (11).
Thus, by the system (21) can be studied the operation of the full–wave rec-

tifier circuit, absolutely, from a mathematical point of view.

4 Conclusions

This subject study the mathematical model for two rectifier circuits: half–
wave rectifier circuit and full–wave rectifier circuit. These are two rectifier
circuits common in the science of electrical engineering. The mathematical
model is written by a special system of differential equations which is called the
canonical system. The built model accurately reflects the nature of the electrical
circuit so this can bring benefits in studying these rectifier circuits.

References

[1] M.A. Krasnosel’skii and A.V. Pokrovskii, Systems with Hysteresis, Springer
– Verlag, 1989.

[2] I.D. Mayergoyz, Mathematical Models of Hysteresis, Springer-Verlag, 1991.

8



[3] J. Appell, I.N. Pryadko, B.N. Sadovsky, On the stability of some relay-type
regulation system, Z. Angew.Math. Mech., 2008, 88, No.10, pp. 808-816.

[4] A.V. Pokrovskii and M. Brokate, Asymptotically stable periodic oscillation
in systems with hysteresis nonlinearities, J. Diff. Eq., 150, 1998, 98-123.

[5] R. Garret, W. C. Kotheimer, and S. E. Zocholl, Computer simulation of
current transformers and relays, in 41st Annual Conference for Protective
Relay Engineers, Apr. 1820, 1988, Texas A and M University.

[6] M. Kezunovic, L. J. Kojovic, A. Abur, C. W. Fromen, D. R. Sevcik, and
F. Phillips, Experimental evaluation of EMTP-based current transformer
models for protective relay transient study, IEEE Trans. on Power Delivery,
vol. 9, no. 1, pp. 405412, Jan. 1994.

[7] Lj. A. Kojovic, M. Kezunovic, and S. L. Nilsson, Computer simulationof
a ferroresonance suppression circuit for digital modeling of couplingcapac-
itor voltage transformers, inISMM International Conference, Orlando, FL,
1992.

[8] J. R. Lucas, P. G. McLaren, and R. P. Jayasinghe, Improved simulation
models for current and voltage transformers in relay studies, IEEE Trans.
on Power Delivery, vol. 7, no. 1, p. 152, Jan. 1992.

[9] Szychta E., Thyristor inverter with series parallel resonant circuit, Archives
of Electrical Engineering, Vol. Liv, No. 211, 1/2005, pp. 2150.

[10] Roda M. R., Revankar G. N., Voltage-Fed Discontinuous Current Mode
High-Frequency Inverter for Induction Heating, IEEE Transactions on In-
dustrial Electronics and Control Instrumentation, vol . IECI-25,1978

[11] Yildiz A.B. Electrical equivalent circuit based modeling and analysis of di-
rect current motors, Electrical Power and Energy System, Vol. 43, 2012,
pp. 1043 – 1047

[12] Sintskiy L.A., Methods of analytical mechanics in the theory of electrical
circuits, L’vov, 1978.

[13] Katz J, Margalit S, Herder C, Wilt D, Yariv A The Intrinsic Electrical
Equivalent Circuit of a Laser Diode. IEEE Journal of Quantum Electronics
1981; QE-17(1) 4-7

[14] Kuznetsova T.A., Kuliutnikova E.A., Riabukha A.A., Fundamentals of cir-
cuit theory, Permi, 2008.

[15] Melnikova I.V, Telpuhovskaya L.I Fundamentals of circuit theory, Tomsk:
2001.

9


